Fluorescence polarization measurements in the condensed phase provide rich information on rotational dynamics and interactions between macromolecules. An important parameter in these studies is the limiting polarization or p o which is the emission polarization in the absence of molecular rotation. Here we explore how molecular number averaging affects the observed value of p o . Using a simple mathematical model we show that for a collection of fluorescent dipoles (1-50 molecules) the fluorescence polarization (p) increases with the number of molecules (N) due to the progressive onset of photo-selection with a relation of the form p 5 p o (1 2 N 2b ). This concept is demonstrated experimentally using single molecule polarization measurements of perylene diimide dye molecules in a rigid polymer matrix where it is shown that the average emission polarization increases significantly when the number of molecules per averaging window is increased from 1 to 10 molecules. These results suggest that the definition of limiting polarization needs to be refined in the quasi-single molecule regime. Moreover, these results pave a new way for measuring clustering of molecules from single cluster polarization histograms. E mission polarization, also related to emission anisotropy, is a quantity that defines the orientation distribution of emitting molecules during their excited-state lifetime 1 . It is widely used in the physical and life sciences in rotational diffusion measurements as a probe of the size, shape, and flexibility of macromolecules 2,3 . For a spherical rotator with rotational relaxation time r, the steady-state emission polarization p is given by the Perrin equation
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Where t is the fluorophore excited-state lifetime and p o is the emission polarization in the absence of molecular rotation. Changes in size (dimerization) or shape (conformation) can be observed through changes to the rotational relaxation time, r and correspondingly, the polarization (or anisotropy). For a dilute solution of molecules in the micro-molar range the limiting polarization is generally considered to be a constant, only dependent on the angle between the absorption dipole and the emission dipole.
With single molecule techniques it is now possible to image individual molecules and clusters of molecules [4] [5] [6] [7] [8] [9] . In this paper, we consider how the limiting polarization p o is influenced by the number of molecules, in other words in the quasi-single molecule or ''few molecule'' limit. We will deal with the case where molecules are rotationally-immobile and randomly-oriented, in the limit of t/r R 0 in equation (1), but make the additional assumptions that (i) the molecules are independent emitters and absorbers (ii) do not undergo homo-transfer and (iii) do not rotate during the measurement time.
The concept of a number-dependent limiting polarization can be introduced by considering the number of molecules confined to a unit area or pixel. If the spatial resolution is sufficient to detect single molecules, then averaging a large number of single molecule polarizations will produce a net result of zero ( Figure 1A ). If each defined pixel or area contains 2 or more emitting molecules, then photo-selection will ensue and a net polarization will be observed ( Figure 1B) . For large numbers of emitting molecules per minimum pixel or area, the net polarization attains the bulk value of 0.5 ( Figure 1C ).
To address this quantitatively, we set up a simple model comprising fixed dipoles lying flat on a surface and computed the emission polarization distributions for different numbers of dipoles, from 1 to 50 dipoles. We show OPEN SUBJECT AREAS:
that for single dipoles the average emission polarization is close to zero, as expected 9 and that at 50 dipoles per averaging-window the emission polarization is 0.497, very close to the limiting emission polarization of 0.5 for the bulk case. Both the calculated mean and variance of the emission polarization distribution are very sensitive in the range of 2-10 molecules where a sharp increase in polarization with increasing molecule number is predicted.
To provide experimental support for our findings we report single molecule polarization imaging measurements 11 of a fluorescent dye in a thin (,200 nm) and rigid, transparent polymer film. As expected, the emission polarization of single molecules averages to nearly zero, in contrast to the bulk emission polarization of ,0.5 from a concentrated solution. Using progressive photobleaching to vary the number of emitting molecules per region of imaging we show that bleaching from ,100 dipoles to a few dipoles results in a dramatic decrease in the average emission polarization, consistent with the theoretical predictions. These results suggest that the textbook view of fundamental polarization needs to be refined. Moreover the calculations and experiments suggest a new means to determine cluster sizes (or numbers) of molecules from emission polarization images or histograms.
Results
When a fluorescent sample is illuminated with plane-polarized light, the emission polarization (p) is defined by the relative emission detected through a polarizer aligned parallel to the excitation polarization direction (I par ) and the emission detected through a polarizer aligned perpendicular (I perp ) to the excitation polarization direction.
The emission anisotropy (r) is also a useful parameter to characterize the extent of the polarization of the emission. In what follows we present our results using polarization values but the reader can readily convert polarization to anisotropy with equation (3) .
Consider a single dipole lying flat on a plane, fixed in orientation at an angle w with respect to the excitation polarization (Figure 2A) .
The probability for (single) photon absorption is proportional to cos 2 w 
In equations 5 and 6 k 2 is a constant of proportionality dependent on the experimental configuration. Substituting equations (5) and (6) into equation (2) yields the expression for the polarization of a single dipole as a function of angle w,
By inspection of equation (7), it is clear that a single dipole flat on a surface can assume any emission polarization in the range 21 to 1, as expected, since w can be assigned any value from 0 to 2p. Since the cosine function is symmetric i.e. the probability of having a dipole with negative polarization is equally likely to a dipole with positive polarization it is obvious that the average polarization for the physical model described (no photo-selection) will be zero. This can be confirmed by integrating equation (7) with respect to w over the limits of p to zero.
For two dipoles, dipole A and dipole B, equations (5) and (6) become equations (8) and (9),
Where, in equations 8 and 9, we now have two angles, w A for dipole A and w B for dipole B.
The emission polarization of a double (independent) dipole system is then given by
By extrapolation, the emission polarization for n-dipoles is,
It is noted that in equation 11 the polarization not only depends on angle but also on the number of dipoles. By inspection it is clear that when there is one dipole, the cos 2 (w i ) term cancels and the polarization depends only on the angle. When there is more than one dipole, the dipole(s) aligned towards the parallel direction (i.e. larger cos 2 (w i )) will dominate the summation biasing the polarization toward positive values. This can be illustrated using the numerical simulation results presented below. Figure 2 summarizes the mean polarization ( Figure 2B ) and variance in the polarization ( Figure 2C ) from 1000 simulations of random dipoles ranging in number from 1 to 100 (applying equation (10) using randomly generated angles in Excel). Noteworthy is the transition from a mean polarization near zero for a single dipole to a value of 0.5 for 50 dipoles. This transition occurs sharply over the range 1-6 dipoles where the corresponding polarization increases from 0.01 to 0.26 (1 to 2 dipoles), to 0.36 (3 dipoles), to 0.41 (4 dipoles), and then from 0.43 to 0.45 (5 to 6 dipoles). The variance of the computed distribution is also quite informative. As expected, the variance is the largest (near 0.5) for single dipoles because there is no photo-selection, however the onset of photo-selection is apparent already for two dipoles with the variance reduced to 0.28. At 50 dipoles the variance in the polarization distribution is ,0.005.
To explore this molecule number effect experimentally we carried out single molecule polarization imaging experiments using a bright fluorophore (a perylene diimide derivative, PDI; structure in Figure 3B ) spin-coated in a rigid poly(methylmethacrylate) (PMMA) polymer matrix. Figure 3A reveals typical images from single molecules (at low dye loading such that single PDI molecules are well separated and their emission point-spread-functions (PSFs) are well resolved). From 70 individual spots or PSFs an average polarization was computed to be 20.02, close to the expected value of zero. Importantly, individual polarization values were spread over a wide-range of values with lowest and highest values approaching the expected extremes of 21 and 1 in line with previously reported distributions for single molecule fluorescence 9 . To investigate the effect of number of dipoles on the magnitude of the emission polarization, we depleted dipoles photochemically and measured the number of molecules emitting using image correlation spectroscopy 10 . Figure 2A is a typical distribution before photobleaching. A typical plot of polarization as a function of observed molecules is shown in Figure 3B (black symbols). It is clear that with 2 molecules the polarization has increased by 0.22 (from 20.02 to 0.20) very close to the predicted increase of 0.25 from simulations. However, as the number of detected molecules increases the polarization also increases more gradually, as predicted from theory (theory (red dots), experiment (black dots), Figure 3B ). At 10 molecules and greater, the polarization begins to plateau at around 0.4 with some small fluctuations in value from 10 to 30 molecules. The deviations between experiment and theory may be due to a small proportion of molecules tilted out of the plane, photo-selected photobleaching and additional depolarizing effects due to the high NA objective 11 . For the ,200 nm thin-film created here, we expect greater than 80% of molecules oriented in the plane of the glass coverslip. Depolarization can reduce polarizations by as much as 20% 11 . At high dye loading, the value of the emission polarization should be well approximated by the limiting polarization value of 0.5. From the corrected average intensities of the parallel and perpendicularpolarized components of the emission from a 'quasi-bulk' film (containing sufficient PDI molecules to ensure complete coverage of emission), the polarization was estimated to be 0.48 6 0.01 (data not shown).
To our knowledge, this is the first demonstration that the average emission polarization for a rotationally-immobile set of molecules is positively correlated with the number of molecules in the observation area. The transition from the near zero polarization observed for single molecules to the limiting polarization at 0.5 at 50 or more molecules occurs over a range from 2-10 molecules. In is important to note that this effect is restricted to fully rigid molecules which are randomly oriented and which do not undergo homo-transfer. Lack of molecular rigidity will also reduce the effect discussed here since rotation on the fluorescence time-scale will reduce the polarization. Rotation on the measurement time-scale will produce a photo-selection effect, even for single molecules that are immobile on the fluorescent timescale 8 . One caveat is that molecules which are highly ordered in orientation with respect to excitation polarization will have equal (or very similar) probability of photo-selection and are unlikely to display the phenomenon considered in this paper. Homotransfer which involves exchange of non-radiative electronic energy between molecules breaks the assumption of independent absorbers and emitters.
Molecules on biological cell surfaces have typical densities of between 0.1 to 100 molecules per square micron 10 . Supramolecular complexes important for biological function typically contain 1-10 molecules 10 . Quasi-single molecule polarization on appropriately rigidified fluorophores has the potential to determine molecular densities and cluster sizes of cell surface molecules. Provided that (i) the emission polarization of individual particles (or clusters) can be resolved and (ii) that fluorophores within the clusters are noninteracting (.10 nm apart) and immobile, the particle polarization histogram can provide information on the mean number of dipoles per particle (or cluster) or mean number of dipoles within a larger imaging area. For N fluorophores per area, the average polarization (from theory) from a large number of areas will be approximately p 5 0.5(1 2 (N 21.2 )).
Experimental Protocol
Materials and Methods. Fluorescence images were recorded using an inverted epifluorescence microscope (Olympus IX71) equipped with a high NA objective (Olympus Planfluo 1.3 NA 100X) and imaged on an EMCCD camera (Princeton ProEm512) after passing through a polarizing beam-splitting device (Dual-viewer, Optical Insights, Tuscon, USA). Excitation at 532 nm was provided by a 300 mW cw solid state diode laser (Dragon Lasers Inc), expanded using telescopic lenses (Thor Labs Pty Ltd) and focused to the back of the objective (Köhler illumination) using a 500 mm lens (Thor Labs Pty. Ltd.) so that the area of illumination was approximately 30 mm in diameter. Scattered excitation light was excluded from the detected light by dichroic (z532rdc) and long pass (HQ545LP) filters (Chroma).
Bulk and single molecule samples were prepared on cleaned glass coverslips by spincoating (SC600, Laurell Technologies, USA) solutions of the perylene diimide dye in ,5 mg/ml PMMA (Aldrich, Mw 350000, Tg 122uC) in spectroscopic grade CHCl 3 (Aldrich). Bulk samples were prepared from ,mM dye concentration solutions whereas for single molecule measurements, solutions were diluted to ,nM.
